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Abstract
The cut polytope of a graph is an important object in several fields, such as func-
tional analysis, combinatorial optimization, and probability. For example, Sturmfels
and Sullivant showed that the toric ideals of cut polytopes are useful in algebraic statis-
tics. In the theory of lattice polytopes, the h∗-polynomial is one of the most important
invariants. The necessary and sufficient condition in terms of graphs that the h∗-
polynomial of a cut polytope is palindromic is known. However, except for trees, there
are no classes of graphs for which the h∗-polynomial of their cut polytope is explicitly
specified. In the present paper, we determine the h∗-polynomial of the cut polytope of
complete bipartite graph K2,m using the theory of Gro¨bner bases of toric ideals.
1 Introduction
Given integer vectors v1, . . . , vl ∈ Z
d, let
conv(v1, . . . , vl) =
{
l∑
i=1
rivi
∣∣∣∣∣ 0 ≤ ri ∈ Q,
l∑
i=1
ri = 1
}
.
Let P ⊂ Rd be a d-dimensional lattice polytope where P ∩ Zd = {a1, . . . ,an}. Let AP be
the integer matrix
AP =
(
a1 · · · an
1 · · · 1
)
.
The normalized Ehrhart polynomial i(P, m) is given by the following equation:
i(P, m) = |mP∗ ∩ ZAP |,
where m ∈ N,P∗ = conv(
(
a1
1
)
, . . . ,
(
an
1
)
), mP∗ = {ma | a ∈ P∗}, and
ZAP = Z
(
a1
1
)
+ · · ·+ Z
(
an
1
)
.
In general, i(P, m) satisfies the following fundamental properties [4]:
1
• i(P, m) is a polynomial of degree d in m;
• i(P, 0) = 1.
The h∗-polynomial h∗(P, x) of P in the lattice ZAP is defined by
1 +
∞∑
m=1
i(P, m)xm =
h∗(P, x)
(1− x)d+1
.
In general, h∗(P, x) satisfies the following properties:
• h∗(P, x) =
∑d
i=0 h
∗
ix
i, where each h∗i is a nonnegative integer [16];
• i(P, m) =
∑d
i=0 h
∗
i
(
m+d−i
d
)
;
• If h∗d > 0, then we have h
∗
i ≥ h
∗
1 (1 ≤ i ≤ d− 1) [8].
A polynomial f(x) of degree s is called palindromic if f(x) = xsf(x−1). Let K[AP ] be the
toric ring of P. (The toric ring will be defined in Section 1.) If K[AP ] is normal (i.e.,
Z≥0AP = ZAP ∩ Q≥0AP) and Gorenstein, then it is known by [7, Lemma 4.22 (b)] and [3,
P.235] that the h∗-polynomial of P is palindromic. In the theory of lattice polytopes, h∗-
polynomials are one of the most important objects to study. For example, the h∗-polynomials
of stable set polytopes of graphs, order polytopes, and chain polytopes of posets were studied
in [1, 17]. Let G be a finite connected simple graph with the vertex set V (G) = {1, 2, . . . , m}
and the edge set E(G) = {e1, e2, . . . , er}. For two subsets A and B of V (G) such that
A ∩ B = ∅, A ∪ B = V (G), we define a vector δA|B = (d1, d2, . . . , dr) ∈ {0, 1}
r by
di =
{
1 |A ∩ ei| = 1,
0 otherwise.
The cut polytope of G is the 0/1 polytope
Cut(G) = conv(δA|B |A,B ⊂ V (G), A ∩B = ∅, A ∪B = V (G)).
Example 1.1. Let G be a cycle of length 4, where V (G) = {1, 2, 3, 4}, E(G) = {e1 =
{1, 2}, e2 = {2, 3}, e3 = {3, 4}, e4 = {1, 4}}. For the subset A = {1, 2} ⊂ V (G), we compute
δA|B = (d1, d2, d3, d4), where B = {3, 4}. Since |A ∩ e1| = 2, we have d1 = 0. Similarly, we
obtain d2 = 1, d3 = 0, d4 = 1. Hence δA|B = (0, 1, 0, 1). By computing δA|B for all subsets A ⊂
V (G), we obtain the cut polytope Cut(G) = conv((0, 0, 0, 0), (1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1),
(0, 1, 1, 0), (0, 1, 0, 1), (0, 0, 1, 1), (1, 1, 1, 1)).
We define graph theoretical terminologies used in the present paper. A bridge of a graph
G is an edge of G whose deletion increases the number of its connected components, and a
graph G is called bridgeless if G has no bridges. An induced cycle of G is a cycle of G that is
an induced subgraph of G. A graph G is called chordal if G has no induced cycles of length
2
≥ 4. A graph H is called minor of a graph G if H is obtained from G by a sequence of
contractions and deletions of edges. On the other hand, if we cannot obtain H as minor of
G, then it is said that G has no H-minor or G is free of H-minors. A complete graph with
n vertices is denoted by Kn, a complete bipartite graph with m + n vertices is denoted by
Km,n and a cycle of length n is denoted by Cn. There is only one class of cut polytopes for
which the h∗-polynomial is explicitly known. Nagel and Petrovic´ [10] showed that, if G is a
tree with n ≥ 1 edges, then the h∗-polynomial of the cut polytope in the lattice ZACut(G) is
the Eulerian polynomial
An(x) :=
∑
w∈Sn
xdes(w)
of degree n − 1. Here, Sn is a symmetric group and des(w) = |{i | wi > wi+1}| for w =
w1w2 · · ·wn ∈ Sn. It is known that An(x) is palindromic and unimodal. Ohsugi [12] showed
that the toric ring of the cut polytope Cut(G) of a graph G is normal and Gorenstein if and
only if G has no K5-minor and satisfies one of the following:
1. G is a bipartite graph with no induced cycle of length ≥ 6.
2. G is a bridgeless chordal graph.
Thus, if G satisfies one of the above conditions, then the h∗-polynomial of the cut polytope
of G is palindromic since the toric ring is normal and Gorenstein.
In the present paper, we determine the h∗-polynomial of the cut polytope of a complete
bipartite graph K2,n−2 and show that the h
∗-polynomial is (x+1)(An−2(x))
2 using the theory
of Gro¨bner bases of toric ideals. See [7, 19] for the details of Gro¨bner bases and toric ideals.
Remark 1.2. We discuss the normalized Ehrhart polynomial
i(P, m) = |mP∗ ∩ ZAP |
instead of the ordinal Ehrhart polynomial
|mP ∩ Zd|
since the lattice spanned by δA|B’s is important in the study of the cut polytopes. In fact, the
characterization of the graph G satisfying Z≥0BG = ZBG∩Q≥0BG, where BG = Cut(G)∩Z
d,
is one of the most important open problems. See [6] and the reference therein. In addition,
it is conjectured [20] that Z≥0ACut(G) = ZACut(G) ∩Q≥0ACut(G) if and only if G is free of K5
minors. See [11, 20].
2 Standard monomials of cut ideals of K2,n−2
Let K[x] = K[x1, . . . , xn] be a polynomial ring in n variables over a field K. Let Mn be
the set of all monomials of K[x]. A total order < on Mn is called a monomial order if <
satisfies the following properties.
3
• For all 1 6= u ∈Mn, 1 < u.
• If u < v (u, v ∈Mn), then w · u < w · v for all w ∈Mn.
We fix a monomial order <. For a nonzero polynomial f which belongs to K[x], in<(f)
is the greatest monomial in f with respect to <. The initial ideal of I with respect to <
is defined by in<(I) = 〈 in<(f) | 0 6= f ∈ I〉. A set G = {g1, . . . , gs} is called a Gro¨bner
basis with respect to < when in<(I) = 〈in<(g1), . . . ,in<(gs)〉. See [7, Chapter 1] for the basic
theory of Gro¨bner bases.
A d×n integer matrix A = (a1,a2, . . . ,an) is called a configuration if there exists a vector
c ∈ Rd such that for all 1 ≤ i ≤ n, the inner product ai·c is equal to 1. LetK[t
±1
1 , t
±1
2 , . . . , t
±1
d ]
be a Laurent polynomial ring over K. For an integer vector b = (b1, b2, . . . , bd) ∈ Z
d,
we define the Laurent monomial tb = tb11 t
b2
2 · · · t
bd
d ∈ K[t
±1
1 , t
±1
2 , . . . , t
±1
d ] and the toric ring
K[A] = K[ta1 , ta2 , . . . , tan]. Let pi be a homomorphism pi : K[x]→ K[A], where pi(xi) = t
ai .
The kernel of pi is called the toric ideal of A and denoted by IA. We often regard A =
(a1, . . . ,an) as a set A = {a1, . . . ,an}. Suppose that a set ∆ consists of simplices and each
vertex of σ ∈ ∆ belongs to A. Then, ∆ is called a covering of conv(A) if
conv(A) =
⋃
F∈∆
F .
We say that a covering ∆ is a triangulation of conv(A) if ∆ is a simplicial complex. A
triangulation ∆ of a polytope conv(A) is unimodular if the normalized volume of any maximal
simplex is equal to 1. For a configuration A, the initial complex with respect to < is defined
by
∆(in<(IA)) :=
{
conv(B)
∣∣∣∣∣ B ⊂ {a1, . . . ,an},
∏
ai∈B
xi /∈
√
in<(IA)
}
.
It is known that ∆(in<(IA)) is a triangulation of conv(A). Moreover, ∆(in<(IA)) is unimod-
ular if and only if in<(IA) is generated by squarefree monomials.
Example 2.1. Let A be a configuration
A = (a1,a2,a3,a4,a5) =


0 1 1 0 1
0 1 0 1 1
0 0 1 1 1
1 1 1 1 1

 .
The toric ideal of A is given by IA = 〈x1x
2
5 − x2x3x4〉. Let < be the lexicographic order
on K[x1, x2, x3, x4, x5] induced by the ordering x1 > x2 > x3 > x4 > x5. Then, in<(x1x
2
5 −
x2x3x4) = x1x
2
5, in<(IA) = 〈x1x
2
5〉 and
√
in<(IA) = 〈x1x5〉. Thus, we obtain
∆(in<(IA)) = {{a1}, {a2}, {a3}, {a4}, {a5},
conv(a1,a2), conv(a1,a3), conv(a1,a4), conv(a2,a3),
4
conv(a2,a4), conv(a3,a4), conv(a2,a5), conv(a3,a5),
conv(a4,a5), conv(a1,a2,a3), conv(a1,a2,a4), conv(a1,a3,a4),
conv(a2,a3,a4), conv(a2,a3,a5), conv(a2,a4,a5),
conv(a3,a4,a5), conv(a1,a2,a3,a4), conv(a2,a3,a4,a5)},
and ∆(in<(IA)) is a triangulation that is not unimodular.
A monomial is called a standard monomial of a toric ideal IA with respect to a monomial
order < if the monomial does not belong to in<(IA). If ∆(in<(IA)) is unimodular, then
the number of squarefree standard monomials of degree i corresponds to the number of
(i− 1)-dimensional faces of ∆(in<(IA)). See [7, 19] for details.
Let G be a graph. We consider the configuration
ACut(G) =

δA1|B1 δA2|B2 · · · δAN |BN
1 1 · · · 1

 ,
where Ai ∩Bi = ∅, Ai ∪Bi = V (G) for 1 ≤ i ≤ N and N = 2
m−1. The toric ideal of ACut(G)
is called the cut ideal of G and denoted by IG. The notion of cut ideals was introduced in
[20]. The toric ring and ideal of ACut(G) were investigated in, e.g., [5, 10, 9, 11, 14, 15]. The
cut ideal IG of a graph G is generated by quadratic binomials if and only if G is free of K4
minors [5]. The cut ideal IG of a graph G has a quadratic Gro¨bner basis if G satisfies one of
the following:
• G is free of (K4, C5) minors [15];
• G is a cycle of length ≤ 7 [14].
Let K[q] be a polynomial ring over a field K defined by
K[q] = K[qA1|B1, . . . , qAN |BN ],
where Ai ∩ Bi = ∅, Ai ∪ Bi = V (G), 1 ≤ i ≤ N . Let < be a reverse lexicographic order [7,
Example 1.8(b)] on K[q] that satisfies qA|B < qC|D with min{|A|, |B|} < min{|C|, |D|}. A
quadratic Gro¨bner basis of the cut ideal of K2,n−2 with respect to < is given by the following
proposition.
Proposition 2.2 ([15]). Let G = K2,n−2 be the complete bipartite graph on the vertex set
V1 ∪ V2, where V1 = {1, 2} and V2 = {3, . . . , n} for n ≥ 4. Then, a Gro¨bner basis of IG with
respect to < consists of
1. qA|BqE|F − q∅|[n]q{1,2}|{3,...,n} (1 ∈ A, 2 ∈ B),
2. qA|BqC|D − qA∩C|B∪DqA∪C|B∩D (1 ∈ A ∩ C, 2 ∈ B ∩D,A 6⊂ C,C 6⊂ A),
3. qA|BqC|D − qA∩C|B∪DqA∪C|B∩D (1, 2 ∈ A ∩ C,A 6⊂ C,C 6⊂ A),
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where E = (B ∪{1}) \ {2}, and F = (A∪{2}) \ {1}. The initial monomial of each binomial
is the first monomial.
Example 2.3. Let G be the complete bipartite graph K2,3. Then, the configuration ACut(G)
is
ACut(G) =


0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 1 1 1 1 0 0 1 1 0 0 0 0 1 1
0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
0 1 0 1 1 0 1 0 1 0 1 0 0 1 0 1
0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1


,
and a Gro¨bner basis of IG with respect to the monomial order < consists of the following
binomials:
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{3}|{1,2,4,5}q{4,5}|{1,2,3},
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{1}|{2,3,4,5}q{2}|{1,3,4,5},
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{5}|{1,2,3,4}q{3,4}|{1,2,5},
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{1,3}|{2,4,5}q{2,3}|{1,4,5},
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{1,4}|{2,3,5}q{2,4}|{1,3,5},
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{1,5}|{2,3,4}q{2,5}|{1,3,4},
q∅|{1,2,3,4,5}q{1,2}|{3,4,5} − q{4}|{1,2,3,5}q{3,5}|{1,2,4},
q{1,4}|{2,3,5}q{1,5}|{2,3,4} − q{1}|{2,3,4,5}q{2,3}|{1,4,5},
q{1,3}|{2,4,5}q{1,5}|{2,3,4} − q{1}|{2,3,4,5}q{2,4}|{1,3,5},
q{2}|{1,3,4,5}q{1,5}|{2,3,4} − q{2,3}|{1,4,5}q{2,4}|{1,3,5},
q{1,3}|{2,4,5}q{1,4}|{2,3,5} − q{1}|{2,3,4,5}q{2,5}|{1,3,4},
q{2}|{1,3,4,5}q{1,4}|{2,3,5} − q{2,3}|{1,4,5}q{2,5}|{1,3,4},
q{2}|{1,3,4,5}q{1,3}|{2,4,5} − q{2,4}|{1,3,5}q{2,5}|{1,3,4},
q{5}|{1,2,3,4}q{1,2}|{3,4,5} − q{3,5}|{1,2,4}q{4,5}|{1,2,3},
q{3}|{1,2,4,5}q{1,2}|{3,4,5} − q{3,4}|{1,2,5}q{3,5}|{1,2,4},
q{4}|{1,2,3,5}q{5}|{1,2,3,4} − q∅|{1,2,3,4,5}q{4,5}|{1,2,3},
q{3}|{1,2,4,5}q{5}|{1,2,3,4} − q∅|{1,2,3,4,5}q{3,5}|{1,2,4},
q{3}|{1,2,4,5}q{4}|{1,2,3,5} − q∅|{1,2,3,4,5}q{3,4}|{1,2,5},
q{4}|{1,2,3,5}q{1,2}|{3,4,5} − q{3,4}|{1,2,5}q{4,5}|{1,2,3}.
The h∗-polynomial h∗(Cut(G), x) is
h∗(Cut(G), x) = x5 + 9x4 + 26x3 + 26x2 + 9x+ 1 = (x+ 1)(x2 + 4x+ 1)2.
Since the dimension of the cut polytopes of K2,n−2 is 2n − 4, the maximum degree of
squarefree standard monomials is 2n− 3. Each of the squarefree monomials
1. q{1}∪A1|{2}∪B1 . . . q{1}∪Ak |{2}∪Bk ,
6
2. qA′
1
|{1,2}∪B′
1
. . . qA′
k
|{1,2}∪B′
k
of degree k ≤ 2n− 3 is not divisible by the initial monomials if and only if
1. A1 ( A2 ( · · · ( Ak,
2. A′1 ( A
′
2 ( · · · ( A
′
k and (A
′
1, A
′
k) 6= (∅, {3, . . . , n}),
respectively. We show the numbers of monomials of type (1) and type (2).
Proposition 2.4. The numbers of monomials that satisfy conditions (1) and (2) above are
(k − 1)!
{
n− 2
k − 1
}
+ 2k!
{
n− 2
k
}
+ (k + 1)!
{
n− 2
k + 1
}
, (1)
2k!
{
n− 2
k
}
+ (k + 1)!
{
n− 2
k + 1
}
, (2)
where
{n
k
}
is the Stirling number of the second kind.
Proof. The Stirling number of the second kind
{a
b
}
represents the number of ways to parti-
tion a set of a objects into b nonempty subsets. We obtain the following table by considering
four cases for the number of squarefree standard monomials of type (1). There is a restric-
A1 = ∅ A1 6= ∅
Ak = {3, . . . , n} (k − 1)!
{
n− 2
k − 1
}
k!
{
n− 2
k
}
Ak 6= {3, . . . , n} k!
{
n− 2
k
}
(k + 1)!
{
n− 2
k + 1
}
tion that (A′1, A
′
k) 6= (∅, {3, . . . , n}) in case (2). Therefore, we obtain the desired number of
squarefree standard monomials in each condition.
3 h∗-polynomial of the cut polytope of K2,n−2
Let ∆ be a triangulation of a lattice polytope P. The f -polynomial f∆(x) =
∑d+1
i=0 fi−1x
i
of ∆ encodes the number fi of i-faces for i = 0, 1 . . . , d and f−1 = 1. The h-polynomial
h∆(x) =
∑d+1
i=0 hix
i is given by the following relation [2, P.185]:
h∆(x) =
d+1∑
i=0
fi−1x
i(1− x)d+1−i.
The following is known for h∗-polynomials and h-polynomials [2, Theorem 10.3].
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Proposition 3.1. If P is a d-dimensional lattice polytope that admits a unimodular trian-
gulation ∆, then h∗(P, x) = h∆(x).
We have the following theorem for the h∗-polynomial of the cut polytope of K2,n−2.
Theorem 3.2. Let P = Cut(K2,n−2) be the cut polytope of K2,n−2, and let ∆ be the unimod-
ular triangulation ∆(in<(IAP )) of P with respect to the monomial order < in Proposition 2.2.
Then, the h∗-polynomial of P and the h-polynomial of ∆ are
h∗(P, x) = h∆(x) = (x+ 1)(An−2(x))
2,
where An(x) is the Eulerian polynomial of degree n−1. In particular, the normalized volume
of P is h∗(P, 1) = 2((n− 2)!)2.
Proof. The Eulerian polynomial An(x) satisfies the following condition [13, Theorem 9.1]:
An(x) =
n∑
k=1
k!
{n
k
}
(x− 1)n−k.
In addition,
{n
k
}
is given by the following equation [18]:
{n
k
}
=
k∑
m=1
(−1)k−mmn
(
k
m
)
.
The f -polynomial of ∆ is given by the following equation:
f∆(x) =
2n−3∑
k=0
fk−1x
k.
Since fk−1 is equal to the number of squarefree standard monomials of degree k, we simplify
the formula of the f -polynomial by Proposition 2.4:
f∆(x) =
(
n−1∑
k=0
Bkx
k
)(
n−2∑
k=0
Ckx
k
)
,
where
Bk = (k − 1)!
{
n− 2
k − 1
}
+ 2k!
{
n− 2
k
}
+ (k + 1)!
{
n− 2
k + 1
}
,
Ck = 2k!
{
n− 2
k
}
+ (k + 1)!
{
n− 2
k + 1
}
.
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Let X = x− 1. From [12, Remark 2.4, Theorem 3.4], h∆(x) is a palindromic polynomial of
degree 2n− 5. Hence
h∆(x) = x
2n−5h∆(x
−1) = x2n−5
2n−3∑
k=0
fk−1x
−k(1− x−1)2n−3−k = x−2
2n−3∑
k=0
fk−1X
2n−3−k
= x−2
(
n−1∑
k=0
BkX
n−k−1
)(
n−2∑
k=0
CkX
n−k−2
)
.
It then follows that
n−1∑
k=0
BkX
n−k−1 =
n∑
k=1
Bk−1X
(n−1)−(k−1)
=
n∑
k=3
(k − 2)!
{
n− 2
k − 2
}
X(n−2)−(k−2)
+ 2X
n−1∑
k=2
(k − 1)!
{
n− 2
k − 1
}
X(n−2)−(k−1) +X2
n−2∑
k=1
k!
{
n− 2
k
}
X(n−2)−k
=
n−2∑
k′=1
k′!
{
n− 2
k′
}
X(n−2)−k
′
+ 2X
n−2∑
k′′=1
k′′!
{
n− 2
k′′
}
X(n−2)−k
′′
+X2
n−2∑
k=1
k!
{
n− 2
k
}
X(n−2)−k
= An−2(x) + 2XAn−2(x) +X
2An−2(x)
= x2An−2(x),
n−2∑
k=0
CkX
n−k−2 =
n−2∑
k=0
(
2k!
{
n− 2
k
}
Xn−k−2 + (k + 1)!
{
n− 2
k + 1
}
Xn−k−2
)
= 2
n−2∑
k=1
k!
{
n− 2
k
}
X(n−2)−k +X
n−3∑
k=0
(k + 1)!
{
n− 2
k + 1
}
X(n−3)−k
= 2An−2(x) +X
n−2∑
k′=1
k′!
{
n− 2
k′
}
X(n−2)−k
′
= 2An−2(x) +XAn−2(x)
= (1 + x)An−2(x).
Therefore, h∗(P, x) = h∆(x) = (x+ 1)(An−2(x))
2.
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